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First Order Variation (FV)

Definition: First Order Variation of a function f

FV (f ) = lim
n→∞

n−1∑
i=0

|f (ti+1)− f (ti )| (∗)

The partition is 0 = t0 < t1 < · · · < tn = T .

Taking ti =
iT
n .
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First Order Variation (FV)

For a differentiable function f

Using the Mean Value Theorem, (∗) can be written as:

FV (f ) = lim
n→∞

n−1∑
i=0

|f ′(t∗i )|(ti+1 − ti ), ti ≤ t∗i ≤ ti+1

=

∫ T

0
|f ′(t)|dt

Conclusion: For a continuously differentiable function, FV is finite.
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First Order Variation of Brownian Motion (BM)

FV of Brownian Motion {Bt : 0 ≤ t ≤ T}

FV (B) = lim
n→∞

n−1∑
i=0

|B(ti+1)− B(ti )|

The increment ∆Bi = B(ti+1)− B(ti ) ∼ N(0, ti+1 − ti ).

Let Zi ∼i .i .d . N(0, 1), then ∆Bi =
√
ti+1 − tiZi .

Sandeep Juneja Stochastic Calculus: Ito’s integral October 2025 4 / 33



First Order Variation of Brownian Motion (BM)

Again, with ti =
iT
n , ti+1 − ti =

T
n , in distribution

FV (B) = lim
n→∞

n−1∑
i=0

√
T

n
|Zi |

= lim
n→∞

√
nT

(
1

n

n−1∑
i=0

|Zi |

)

1
n

∑n−1
i=0 |Zi | → E [|Z1|] =

√
2/π by SLLN.

The expression inside the parenthesis behaves like
√
n · (constant).

Thus, the limit, the first order variation of BM, is infinite
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Quadratic Variation (QV)

Definition: Quadratic Variation of a function f

QV (f ) = lim
n→∞

n−1∑
i=0

|f (ti+1)− f (ti )|2

For a continuous function f :

QV (f ) ≤ max
0≤i≤n−1

|f (ti+1)− f (ti )| ×
n−1∑
i=0

|f (ti+1)− f (ti )|

→ 0× FV (f ) if FV (f ) < ∞

Since f is continuous, max0≤i≤n−1 |f (ti+1)− f (ti )| → 0.

If f has finite FV then QV (f ) = 0.
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Quadratic Variation of Brownian Motion

QV (BT ) = lim
n→∞

n−1∑
i=0

|B(ti+1)− B(ti )|2

Again, B(ti+1)−B(ti ) equals
√
T/n Zi in distribution (Zi is N(0, 1)).

Heuristically,

QV (BT ) = lim
n→∞

n−1∑
i=0

T

n
Z 2
i = lim

n→∞
T

(
1

n

n−1∑
i=0

Z 2
i

)

Now, E [Z 2
i ] = 1. By the Strong Law of Large Numbers (SLLN):

1

n

n−1∑
i=0

Z 2
i → E [Z 2

1 ] = 1

Thus, QV (BT ) = T .
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Quadratic Variation of BM (more precise): L2 Convergence

Convergence in L2

Let Xn =
∑n−1

i=0 |Bti+1 − Bti |2.

We want to show Xn
L2−→ T , which means E [|Xn − T |2] → 0.

We know E [Xn] = T (because E [(Bti+1 − Bti )
2] = ti+1 − ti ).

Need to show Var(Xn) → 0 as n → ∞.
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L2 Convergence

Variance Calculation

Using Bti+1 − Bti =
√

T
n Zi , so (Bti+1 − Bti )

2 = T
n Z

2
i .

Var(Xn) =
n−1∑
i=0

Var

(
T

n
Z 2
i

)
(due to independence)

=
n−1∑
i=0

T 2

n2
Var(Z 2

i ) = n · T
2

n2
Var(Z 2

1 )

=
T 2

n
Var(Z 2

1 )

Since Var(Z 2
1 ) is a finite constant (it’s 2), limn→∞ Var(Xn) = 0.
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Itô’s Integral
∫ T

0 f dBt

Used to define the value of trading strategies driven by change in
underlying assets.

Defined for ”nice functions” f (ω, s) (a stochastic process) measurable
w.r.t. product measure dP × dt,

a measure on the smallest sigma algebra containing sets A× [t1, t2]
where A ∈ F and 0 ≤ t1 ≤ t2 ≤ T , and

(dP× dt)(A× [t1, t2]) = P(A)× (t2 − t1).

We require E
[∫ T

0 f 2(ω, s)ds
]
< ∞ and f (ω, s) must be

Fs -measurable ∀s (adapted).
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Defining Itô’s Integral

L2
(dP×dt): The class of all functions f satisfying E

[∫ T
0 f 2ds

]
< ∞.

H2 : f ∈ L2
(dP×dt) and f (ω, s) must be Fs -measurable ∀s

H2
0: The class of simple functions f defined as:

f (ω, t) =
n−1∑
i=0

ai (ω)I(ti<t≤ti+1)

where ai (ω) ∈ Fti and E [a2i (ω)] < ∞.
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Defining Itô’s Integral

Itô’s Integral for Simple Functions

For f ∈ H2
0: ∫ T

0
f (ω, t)dBt =

n−1∑
i=0

ai (ω)(Bti+1 − Bti )

This is the analog of simple functions in the Lebesgue integral
definition.

H2
0 ⊂ L2

(dP×dt) (space of all rv with finite second moment) is easy to
verify.

Big Claim: Any function f ∈ H2 can be approximated by a function in
H2

0.
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Itô’s Geometry (Isometry)

The Isometry Property

For f ∈ H2,

E

[(∫ T

0
f (ω, t)dBt

)2
]
= E

[∫ T

0
f 2(ω, t)dt

]

Equivalently,
∥IT (f )∥L2(dP) = ∥f ∥L2(dP×dt)

where IT (f ) =
∫ T
0 f (ω, t)dBt .
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Proof Sketch for Simple Functions f ∈ H2
0

E

(n−1∑
i=0

ai (Bti+1 − Bti )

)2
 = E

[
n−1∑
i=0

a2i (Bti+1 − Bti )
2

]
+
∑
j ̸=k

E [. . . ]

Cross Terms Vanish: Since Btk+1
− Btk is independent of Ftk (and

aj , ak ,Btj+1 − Btj for j < k), the cross terms vanish:

E
[
E [ajak∆Bj∆Bk | Fmax(tj ,tk )]

]
= 0

Diagonal Terms:

E
[∑

a2i (Bti+1 − Bti )
2
]
= E

[
E
[∑

a2i (Bti+1 − Bti )
2 | Fti

]]
= E

[∑
a2i (ti+1 − ti )

]
This equals E

[∫ T
0 f 2(ω, s)ds

]
.
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Generalizing Itô’s Integral

Result: Given any f ∈ H2, there exist Let {fn}n∈N, a sequence of
simple functions in H2

0, such that

fn
L2(dP×dt)−−−−−−→ f .

Now L2(dP× dt) is a complete space (any L2 space is complete. Not
proved).

The convergence of fn to f implies {fn} is a Cauchy sequence in
L2(dP× dt).

By the Itô Isometry:∥∥∥∥∫ T

0
(fn − fm)dBt

∥∥∥∥
L2(dP)

= ∥fn − fm∥L2(dP×dt)
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Existence of general Itô’s Integral

Since ∥fn − fm∥L2(dP×dt) → 0, the sequence of integrals
{∫ T

0 fndBt

}
is a Cauchy sequence in L2(dP).

L2(dP) is also complete.

Thus, the limit limn→∞
∫ T
0 fndBt exists in L∈(⌈P).

Definition:
∫ T
0 f (ω, t)dBt is defined as this limit.
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Martingale property of Itô’s Integral

Let It(f ) =
∫ t
0 f (ω, s)dBs for f ∈ H2

0, where it takes value
ai (ω) ∈ Fti for t ∈ (ti , ti+1] where 0 = t0 < . . . < tm = T .

Then, for t ∈ (tk , tk+1]∫ t

0
f (ω, s)dBs =

k−1∑
i=0

ai (ω)(Bti+1 − Bti ) + ak(ω)(Bt − Btk )

Easy to check that

E[It(f) | Fu] = Iu(f) for u < t

This is shown by splitting the integral at u and using the
Fs -measurability of as and the independent increments of BM.
(Show!)
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Martingale property of Itô’s Integral

The above holds for general f ∈ H2.

Consequence: It(f ) is a martingale, so E [It(f )] = E [I0(f )] = 0.

Can show Quadratic Variation:

QV

(∫ t

0
f (ω, s)dBs

)
=

∫ t

0
f 2(ω, s)ds
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Properties of Itô’s Integral It(f ) =
∫ t

0 f (ω, s)dBs

1 It(f ) is a continuous function of t, ∀ω.

2 It(f ) is Ft-measurable ∀t.

3 It(f ) is linear.

4 It(f ) is a martingale.

5 Itô’s Isometry holds.

6 QV (It(f )) =
∫ t
0 f 2(ω, s)ds.
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Example:
∫ t

0 BsdBs

Mean and Variance

Let It(B) =
∫ t
0 BsdBs . Since f (s) = Bs ∈ H2, It(B) is a martingale.

Mean: E [It(B)] = 0.

Variance (using Itô Isometry):

V (It(B)) = E

[(∫ t

0
BsdBs

)2
]

= E

[∫ t

0
B2
s ds

]
(Isometry)

=

∫ t

0
E [B2

s ]ds (Fubini)

=

∫ t

0
sds =

t2

2
.
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Example: Closed Form for
∫ t

0 BsdBs

1 Approximate Bs by simple functions B
(n)
s =

∑n−1
i=0 Bsi I(si<s≤si+1).

2 Show B
(n)
s → Bs in L2

dP×ds :

E

[∫ t

0
(B

(n)
s − Bs)

2ds

]
=

n−1∑
i=0

∫ si+1

si

E [(Bsi − Bs)
2]ds

3 Since E [(Bsi − Bs)
2] = |s − si |, the integral is:

n−1∑
i=0

∫ si+1

si

(s − si )ds =
n−1∑
i=0

(si+1 − si )
2

2
→ 0 as n → ∞
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Integral as a limit

∫ t

0
BsdBs = lim

n→∞

n−1∑
i=0

Bsi (Bsi+1 − Bsi )

= lim
n→∞

n−1∑
i=0

(
B2
si+1

− B2
si

2
− 1

2
(Bsi+1 − Bsi )

2

)

since a(b − a) = b2−a2

2 − (b−a)2

2 . Now,

lim
n→∞

n−1∑
i=0

(
B2
si+1

− B2
si

2

)
=

B2
t

2
(Telescopic Sum)

lim
n→∞

n−1∑
i=0

(
1

2
(Bsi+1 − Bsi )

2

)
=

1

2
QV (Bt) =

t

2

=⇒
∫ t

0
BsdBs =

B2
t

2
− t

2
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Itô’s Formula (for f (Bt))

For a twice continuously differentiable function f :

f (Bt) = f (0) +

∫ t

0
f ′(Bs)dBs +

1

2

∫ t

0
f ′′(Bs)ds

Derivation Sketch (Taylor Series)

f (Bt)− f (0) =
n−1∑
i=0

(f (Bti+1)− f (Bti ))

The Taylor series approximation (up to second order):

f (Bi+1)− f (Bi ) ≈ f ′(Bti )(Bti+1 − Bti ) +
1

2
f ′′(Bti )(Bti+1 − Bti )

2
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Itô’s Formula (for f (Bt))

The first term converges to the Itô Integral:

n−1∑
i=0

f ′(Bti )(Bti+1 − Bti ) →
∫ t

0
f ′(Bs)dBs

The second term may be re-expressed as:

1

2

n−1∑
i=0

f ′′(Bti )
(
(Bti+1 − Bti )

2 − (ti+1 − ti )
)
+

1

2

n−1∑
i=0

f ′′(Bti )(ti+1 − ti )

The first term converges to zero, and the second to

1

2

∫ t

0
f ′′(Bs)ds
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Itô’s Formula for f (t, x)

Observing that

limn→∞
∑n

i=0(ti+1 − ti )
2 = limn→∞

t2

n2
· n = 0

lim
n→∞

n−1∑
i=0

(ti+1 − ti )(Bti+1 − Bti ) = 0.

Ito’s lemma extends as

f (t,Bt) = f (0, 0) +

∫ t

0
ft(s,Bs)ds +

∫ t

0
fx(s,Bs)dBs +

1

2

∫ t

0
fxx(s,Bs)ds

where subscript t denotes partial derivative w.r.t. first argument, x denotes
partial derivative and xx denotes double derivative w.r.t. second argument.

In short form

df (t,Bt) = ft(t,Bt)dt + fx(t,Bt)dBt +
1

2
fxx(t,Bt)dt
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Example

Consider f (t,Bt) = exp(θBt − θ2t/2)

Then ft(t, x) = − θ2

2 f (t, x), fx(t, x) = θf (t, x) and
fxx(t, x) = θ2f (t, x).

By Ito’s lemma

f (t,Bt) = ft(t,Bt)dt + fx(t,Bt)dBt +
1

2
fxx(t,Bt)dt

so that

exp(θBt − θ2t/2) = 1 + θ

∫ t

0
exp(θBs − θ2s/2)dBs

and is a martingale.
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Itô’s Process

Itô’s Process

A process (Xt)t≥0 is an Itô’s process if it is defined by:

dXt = µtdt + σtdBt

Actual Meaning (Integral Form):

Xt = X0 +

∫ t

0
µsds +

∫ t

0
σsdBs

where drift process (µt : t ≤ T ) and diffusion process (σt : t ≤ T )
are adapted - µs and σs are Fs -measurable for each s.
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General Itô’s Formula (for f (t,Xt))

Itô’s Formula for f (t,Xt)

Let f (t, x) be a function that is continuous in t and twice continuously
differentiable in x , and let Xt be an Itô process: dXt = µtdt + σtdBt . The
new representation for f (t,Xt) obtained refining the telescopic expansion
has the form :

df (t,Xt) = ftdt + fxdXt +
1

2
fxxdX

2
t

where dX 2
t = (µtdt + σtdBt)

2:

dX 2
t = µ2

t (dt)
2 + 2σtµt(dtdBt) + σ2

t (dBt)
2
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General Itô’s Formula (for f (t,Xt))

Rules for second order terms

dBt · dBt = dt (Quadratic Variation of BM)

dt · dt = limn→∞
∑n

i=0(ti+1 − ti )
2 = 0

dt · dBt = limn→∞
∑n−1

i=0 (ti+1 − ti )(Bti+1 − Bti ) = 0.

It follows that
dX2

t = σ2
t dt
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General Itô’s Formula (for f (t,Xt))

Thus,

df (t,Xt) = ftdt + fxdXt +
1

2
fxxσ

2
t dt

Integral Form:

f (t,Xt) = f (0,X0) +

∫ t

0

(
ft + fxµs +

1

2
fxxσ

2
s

)
ds +

∫ t

0
fxσsdBs
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Example, Ito process

Consider an asset price process

dSt = µtStdt + σtStdBt (1)

where {µtSt} and {σtSt} are adapted processes.

Let Yt = log St . Applying Itô’s Lemma (f (St) = log St).

dYt =
1

St
dSt −

1

2

1

S2
t

σ2
t S

2
t dt = (µt −

1

2
σ2
t )dt + σtdBt

⇒ lnSt = lnS0 +

∫ t

0
(µs −

1

2
σ2
s )ds +

∫ t

0
σsdBs

Therefore (1) is equivalent to

St = S0e
∫ t
0 (µs− 1

2
σ2
s )ds+

∫ t
0 σsdBs
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Example, deterministic integrand

Consider Xt =
∫ t
0 f (s)dBs . What is the distribution of Xt? (here

dXt = f (t)dBt)

Let Ut = exp(θ
∫ t
0 f (s)dBs − θ2

2

∫ t
0 f (s)2ds).

Let

Wt = θ

∫ t

0
f (s)dBs −

θ2

2

∫ t

0
f (s)2ds

denote an Ito process. Ut = eWt .

By Ito’s lemma

dUt = UtdWt +
1

2
Ut(dWt)

2.
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It follows that

dUt = θUt f (t)dBt −
θ2

2
Ut f (t)

2dt +
θ2

2
Ut f (t)

2dt = θUt f (t)dBt .

Hence, Ut is a martingale and EUt = EU0 = 1.

Therefore

exp

(
θ

∫ t

0
f (s)dBs

)
= exp

(
θ2

2

∫ t

0
f (s)2ds

)
.

What is the distribution of
∫ t
0 f (s)dBs?
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